In this article we show that, in a two-arm interferometer, pure quantum states of perfect path distinguishability (particles) are geometrically equidistant from all states with constant path distinguishability D. This property is not shared by other states, such as perfect fringe-visibility (waves) or maximally entangled quantum states (entanglon). Indeed, the Bures distance between a particle and any other state depends only the distinguishability of the latter. On the contrary, the Bures distance between a wave or an entanglon, and any other single photon state depends on other set of parameters.
I. INTRODUCTION
Bohr introduced the principle of complementarity [1, 2] shortly after the famous paper by Einstein, Podoslky and Rosen (EPR) [3] . This principle states that results of two mutually incompatible tests can not be jointly taken into account, in order to establish conclusions regarding the "elements of physical reality" of a given system.
As an example, consider the entangled state given by EPR. In this case, the result of a measurement of the position of the first particle, allows to predict with certainty the position of a second, distant particle. Thus, the position of the second particle is an element of physical reality (first conclusion). On the other hand, if the momentum of the first particle is measured, then the momentum of the second particle is also an element of physical reality (second conclusion). By respecting locality, i.e. a system can not be affected a by another distant system, EPR concluded that Quantum Mechanics is either inconsistent (it leads to contradictions, since momentum and position are not simultaneously determined) or incomplete.
Bohr, however, by appealing to the principle of complementary, argued that both conclusions should be taken separately since they are obtained from two different incompatible experimental configurations.
Therefore, quantum systems have real properties that are mutually exclusive, the best example being what is known as wave-particle duality. In a two-way interferometer, the wavelike property is associated to the interference fringes, whereas the particlelike behaviour is related to the which-way information (WWI). The first is quantified by the interferometric visibility V and the latter by different kind of measures.
Greenberg and Yasin [4] employed the predictability P to quantify the WWI, a real number ranging from 0 (no WWI) to 1 (full WWI). In a two-path interferometer, the predictability of a single photon in a pure state can be defined as where |0 and |1 are single photon states, indicating one photon in mode-0 and one photon in mode-1, each mode representing a path of the interferometer. Therefore, 0|1 = 0. They demonstrated the inequality
which quantifies the the wave-particle duality, and shows that different levels of wave and particle properties may be simultaneously measured. For interferometers with more than two paths, Jaeger et al. [7] proposed other definitions of path information and visibility to formulate interferometric complementarities. Based on the works of Zurek and Wooters [6] , Englert [8] [9] [10] added a which way detector (WWD) on each arm of the interferometer and quantified the WWI by defining the path distinguishability D as
while the fringe visibility was modified by the presence of the WWD according to the expression
In these expressions,Û 0 andÛ 0 are unitary operators that locally entangle the photon to the WWD in the arms 0 and 1, respectively, ρ (i) D is the initial state of the detector, and ρ 0,1 D =Û † 0,1 ρ i DÛ 0,1 . Englert showed that these quantities obey a similar inequality to (2), namely
Notice that inequality (2) establishes a relation between single-particle properties. On the contrary, in (5) the visibility and distinguishability are defined in terms of a second system, the which way detector.
In [13] entanglement was taken into account, leading to relations between single-particle properties (visibility and distinguishability) and the concurrence, which is a bipartite property with no classical analog (a measure of etanglement). In [13, 14] two coherence measures (an l 1 and an entropic measure) were introduced to establish relations between which-path information and coherence, for an interferometer with multiple paths.
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On the other hand, for both, classical and quantum light, the polarization coherence theorem (PCT) [17] [18] [19] [20] [21] joins polarization (P ) to wave-ray duality through a tight equality V 2 + D 2 = P 2 . Recently, for single-photons, Qian et al. [12] employed the concurrence C, a measure of quantum entanglement between two degrees of freedom of a single photon, to show that
This result indicates that both, particle and wave properties of a single photon, may be simultaneously turned off. Within the possible quantons defined by this relation, we define waves (D = 1), particles (V = 1) and "entanglons" (C = 1). The structure of this article is as follows. In section II we characterise a family of single photon states in terms of its D, V and C values. In section III, the Bures distance between two arbitraty families of states is calculated. Then, we show that a particle state (D = 1) has a unique symmetry, as far as distance is concerned, with respect to the wave or entanglon. This constitutes the main result of or article, which is further commented in section IV.
II. GENERAL 2-QUBIT STATES
Let us consider a two-arm interferometer, whose arms are labeled by 0 and 1, and define a 2-qubit state |ψ of a first quantum system, or quanton, as follows
|0 and |1 are single-photon path states, i.e. states of well defined trajectory. The parameter D corresponds to the path distinguishability, an attribute associated to the particle behaviour of the quanton, 0 ≤ D ≤ 1. For D = 1, the states |ψ represent a particle travelling along the path 0. When D = 0, there is no distinction between the paths taken by the quanton. On the other hand, |φ 0 and |φ 1 are the polarization states associated to each arm of the interferometer. State |φ 1 will be expressed in terms of |φ 0 and its orthogonal state φ ⊥ 0 , which define a basis for the 2-dimensional Hilbert space, as follows
The parameter V correspond to the fringe visibility, associated to wave behaviour of the quanton, and C is the concurrence, a measure of quantum entanglement between both degrees of freedom (path and polarization) of the quanton. C = 0 corresponds to a product state, while C = 1 generates maximally entangled states. . Notice that, in order to fully specify the state |ψ , five parameters are needed; D, V and C, in addition to the phases α and β. The first three parameters are not independent and are related by the equation (6) . Now, let us specify the state |ψ of a second quanton, with phasesᾱ andβ, and visibilityV , distinguishabilitȳ D and concurrenceC, as
Notice that in order to relate both states, two additional parameters γ and ξ are needed, defined by
Without lost of generality the parameter γ can be taken to be real and positive, 0 ≤ γ ≤ 1.
III. BURES DISTANCE BETWEEN PARTICLE STATE AND AN ARBITRARY STATE
The magnitude of the inner product between the states |ψ and ψ (a measure of the fidelity) is given by
where λ 1 = α −ᾱ, λ 2 = λ 1 + β −β − ξ, λ 3 = λ 1 + β − ξ, and λ 4 = λ 1 −β (see Appendix A for the derivation). On the other hand, the Bures distance between these states is given by
If we fix the state of the first quanton and allow the second quanton to be any arbitrary state, it is clear that in general the distance between the first (fixed) quanton and the second (arbitrary) quanton is a function of the four parameters that define the second state (V ,D,ᾱ andβ) and the two other additional parameters γ and ξ needed to connect the first and the second quantons. So,
However, it is clear from expression (12) that only when the first quanton is a particle state (D = 1), the distance becomes a simple function of two parameters, γ andD, namely
Expression (15) shows that the distance between a particle state and an arbitrary state with distinguishabilitȳ D, visibilityV and concurrenceC is independent of the last two parameters. This special feature is not shared by any other state and is represented in figure (1) , using the VDC sphere.
Notice that, as the distinguishability increases, the distance becomes smaller, achieving its minimum value of √ 2 √ 1 − γ when the second state has perfect distinguishability. On the other hand, whenD = 0, i.e. any state exhibiting wave and entanglement properties (but not a well defined trajectory), the distance is maximum and equal to
In particular, when the polarization in the arm 0 of the interferometer is the same for both quantons (γ = 1), then the distances varies from 2 − √ 2 to 0 asD increases. On the other hand, if both polarizations are orthogonal, then the distance is constant. This behaviour is represented in figure (2) .
FIG. 3. The Bures distance between a Particle (P ) and a
Wave (W ) is equal to the distance between the Particle and the Entanglon (E). However, the distance between the Entanglon and the Wave is not the same as the distance between the Entanglon and the Particle. This example illustrates the special role of the particle states.
IV. DISCUSSION
From (13), it is clear that the distance from a quanton, in a general state ψ , to a particle state |ψ is minimized for γ = 1, i.e. when the polarization state of the particle and the polarization state associated to the arm 0 of the quanton, are the same. If we define P as the set of all particle states in H, then it is clear that min |ψ ∈P d Bures (|ψ , ψ ) = 1 − 1 +D 2 (16) This result shows that particle states play a central role, different from other states, such as the wave or the entanglon. For example, the Bures distance between an entanglon, C = 1, and an arbitrary state ψ depends on itsC andD values, and several relative phases, as can bee seen from (12) . The same happens for a wave. This is can be seen in figure (3) , which shows that d Bures,P article−W ave = d P article E ntanglon ≈ 0.8 but d Bures,Entanglon−W ave = d Bures,Entanglon−P article . Therefore, the distinguishability of a general quanton is related to the Bures distance between its quantum state and the nearest particle state, through an injective function. Hence, the minimum Bures distance from a particle state to a generic quantum state quantifies the distinguishability of latter.
